Abstract-We present a rigorous approach to compute the electromagnetic fields radiated by a thin circular loop with arbitrary current. We employ a polar transmission representation along with a Kontorovich-Lebedev transform to derive integral representations of the field in the interior and exterior regions of a sphere circumscribing the loop. The convergence of the obtained expressions is discussed and comparison with full-wave simulation and other methods are shown.
I. INTRODUCTION
Electromagnatic (EM) radiation by a circular current loop is extensively investigated in the literature (see e.g. [1] and references therein). However, the majority of the studies investigated the far field pattern. The evaluation of the near field in closed form is generally limited to constant or cosine current distributions due to difficulties in evaluating the corresponding integrals.
Here, we present a rigorous approach to express the electromagnetic fields radiated by a thin current loop excited with an arbitrary current form. The presented approach employs the Kontorovich-Lebedev (KL) transform and the Fourier series expansion to express the radiated field in the interior and exterior regions of a sphere circumscribing the loop. The resulting expression includes an integral whose convergence is detailed. An alternative representation in terms of a residue series sum is presented for field evaluation in the interior region. The field expressions could thus be evaluated in closed form or by numerical integration techniques with ease, and they do not suffer from any irregularities or artificial discontinuities in contrast to previously reported approaches [1] .
II. FORMULATION OF THE PROBLEM
The geometry of the problem is shown in Fig. 1 , where a circular current loop is placed in free-space and carries an arbitrary electric current along its circumference. In spherical coordinates, (r, θ, φ), the loop is located at r = r ′ and θ = θ ′ . The electric current density on the loop is given by
where I(φ) is the current distribution in the azimuthal direction and δ(r) is the Dirac delta. An observer at (r, θ, φ) is said to be in the interior region when r < r ′ and in the exterior region otherwise. The time-harmonic dependence of exp(−iωt) is assumed throughout. The electric and magnetic fields are expressed in terms of Hertz potentials, Π e and Π h , oriented alongr, viz.
where ǫ and µ are the free-space permittivity and permeability, respectively. The choice of the Hertz potential orientation allows for the separation of the fields into transverse electric (TE) and transverse magnetic (TM) components with respect to r [2] . It thus follows that the TE components are derived from Π e , while the TM components are derived from Π h . The Hertz potentials in (2) may be expressed in terms of a single auxiliary Green's function for transverse (with respect to r) current elements [3] as
where the prime denotes operation on the source coordinates. The auxiliary Green's function satisfies the relation
with k = ω/ √ ǫµ being the wave number, ∇ 2 ⊥ the transverse Laplacian with respect to r, and r and r ′ the position vectors of the observer and the source, respectively. Nevertheless, we will solve for the conventional Green's function that satisfies
then deduce G from G using the relation
Note that (4) and (5) are defined for an infinitesimal current element located at r
′ . In what follows, we compute G for an element located at (r ′ , θ ′ , φ ′ ), then derive the corresponding G for the current loop via (6) . Next, we express (5) in terms of a polar transmission-line (along θ) with eigenfunctions evaluated in the cross section transverse to θ. This representation is different from the conventional notion of transmission along r that is adopted in [3] , [4] . This polar transmission-line representation avoids unphysical field discontinuities that may occur from uncareful formulation of the dyadic Green's function and is more natural to the geometry of the problem than radial transmission-line representation.
Rewriting (5) in explicit form as
one can represent the azimuthal dependence of the Green's function in terms of a Fourier series as
Following [5] , the radial dependence is represented in terms of a KL transform, where the KL transform integral pair reads [6] 
where j ν (kr) and h Inserting (9) into (8) and substituting the result into (7), then using the orthogonality properties of the exponential functions and the Hankel function [6] yields the polar ordinary differential equation
The solution of (10) is given in terms of associated Legendre functions and must be bounded at θ = 0, π, hence [5] 
where Γ(z) is the gamma function and θ > |θ < is the greater|lesser of θ and θ ′ . The relation (6) , after the application of the eigenfunction expansion to the radial and azimuthal dependencies, reduces to
Substituting (12) into (9) then back into (8) gives the polar transmission-line representation of the auxiliary Green's function as
We should note here that the sum over m from −∞ to ∞ is formal, since in practice the azimuthal exponentials are combined into a cosine function and the summation limits are changed in fashion similar to (14), since P
Next, we look into the asymptotic behavior of (13) to investigate the existence of the integral. From [3] , the exponential asymptotic behavior of Bessel functions is
with the relation between the spherical Bessel (or Hankel) function and its cylindrical counterpart is given by
The exponential asymptotic behavior of associated Legendre functions is given by [7] 
We infer that the integrand in (13) decays exponentially as
and the integral in (13) exists. However, instead of directly evaluating the integral, we can make use of Cauchy residue theorem by closing the integration contour in the right hand side of the complex ν-plane and collecting the residue contributions. We note from (11) that the integrand has simple poles at ν n = n + m + 1 2 , n = 0, 1, 2, . . .
The residue series sum representation of the integral is thus given by
with ε m = 1, m = 0 and ε = 2 otherwise, P m n (z) is the conventional associated Legendre polynomial and we have made use of their negative argument property [7 
, the asymptotic exponential behavior of the Bessel functions is given by
thus the dominant behavior of the series summand reduces to r r ′ n , n → ∞.
This behavior suggests that (14) is appropriate for field evaluation in the interior region, while field evaluation in the exterior region requires carrying out the integral in (13).
To evaluate the field, the Hertz potentials are first computed from the auxiliary Green's functions using (3) and then substituted into (2) . It should be noted here, that the additional integral in (3) reduces to a Fourier series expansion of I(φ). This completes the formulation of the problem of EM radiation by a circular current loop.
III. EVALUATION OF THE FIELDS
The expressions for the Hertz potentials are obtained by substituting (13) into (3). Inserting the Hertz potential expressions into (2) yields the expressions for the electromagnetic fields. These expressions are given in the appendix.
Next, we evaluate the field for a time-harmonic excitation corresponding to a free-space wavelength λ 0 = 60 mm and wave number k 0 = 2π/λ 0 . The current loop is located at θ ′ = π/2 and r ′ = 20 mm (λ 0 /3) and is carrying a current distribution I(φ) = exp(−φ/(2π)) exp(iφ). The fields are computed in the Cartesian plane z = 10 mm (λ 0 /6) for |x| = 20 mm (2λ 0 /3) and y = 0. In our proposed approach, the fields are computed using (14) in the interior region up to r/r ′ = 0.85 and using (13) elsewhere. The azimuthal series is truncated after 16 terms and the radial series in (14) is truncated after 32 terms when employed. The integral in (13) is computed using Simpson's rule and is truncated at |ν| = 18 when employed. For comparison, full-wave simulation using HFSS by ANSYS and results from [1] are considered. For the full-wave simulation, the Cartesian computation domain is set to 120 mm × 120 mm × 40 mm (2λ 0 × 2λ 0 × 2λ 0 /3) and is centered at the origin of the coordinate system. The current loop is emulated by 36 azimuthally oriented dipoles uniformly distributed around the loop circumference and the magnitude and phase of their currents are individually set. To facilitate the computation of the fields, a dielectric sphere of radius r sphere = 5 mm (λ 0 /12) with relative permittivity ǫ r,sphere = 1.001 is placed at the center of the computation domain. To obtain the results using the approach in [1] , the azimuthal and the polar series are truncated after 16 terms each for the same computation parameters used in our approach. Figure 2 shows a plot of the evaluated electric field components using the different approaches. Very good agreement is observed between the results obtained analytically by our approach and those obtained by full-wave simulation for all electric field components. A good agreement with the results obtained by the approach in [1] is observed in the exterior region for the radial and the polar components, whereas the field exhibits an unphysical discontinuity at the boundary between the exterior and the interior regions. The field values from [1] in the interior region are not in agreement with the results of our approach neither with the full-wave simulation. Interestingly though, the azimuthal component does not exhibit any discontinuities at the transition between the interior and exterior regions, nevertheless, the computed field values greatly disagree with those obtained by our approach and the full-wave simulation in both regions.
IV. CONCLUSION
We have presented an approach to evaluate the electromagnetic radiation by a circular loop carrying an arbitrary current. The electromagnetic fields are established by radially directed electric and magnetic Hertz potential functions. These choice of these potentials ensures that the electric potential generates the transverse electric field and the magnetic potential generates the transverse magnetic field, both with respect to the radial coordinate. The Hertz potentials are given in terms of an auxiliary Green's function. This auxiliary Green's function is determined using a polar transmissionline representation with eigenfunction expansion in the cross section using Fourier series representation in the azimuthal direction and Kontorovich-Lebedev transform in the radial direction. The field expressions are thus determined in a form of a series and an integral, and we show that the integral converges irrespective of the position of the loop or the observer. Moreover, we show that in the interior region, where the radial position of the observer is smaller than the radial position of the loop, an alternative representation of the integral in the form of a residue series sum exists. The results obtained by the presented approach are compared to full-wave simulation results and an alternative approach presented elsewhere in the literature. The results show very good agreement with the full-wave simulation results, whereas the results of the alternative approach show unphysical field discontinuities in free-space. To the best of our knowledge, the approach presented in this work is so far the only physically correct method to determine the electromagnetic fields radiated by a circular current loop carrying arbitrary current.
APPENDIX HERTZ POTENTIAL AND FIELD EXPRESSIONS
Substituting (13) into (3) yields the following expression for Hertz potentials
where < | > respectively denote θ < θ ′ and θ > θ ′ ,
Inserting (15) and (16) into (2) yields the following expressions for the electric field 
and the following expressions for the magnetic field .
